Abstract. 2014 The phenomen of orientational ordering in solid hydrogen is studied as a function of the concentration X of the J = 1 species using Kirkwood's technique of restricted traces. Calculations of the critical temperatures as a function of X demonstrate a behaviour in qualitative agreement with the experimental observation that a long range orientation order cannot be maintained in samples for which X ~ Xc ~ 0.5.
1. Introduction. -At low temperatures the homonuclear isotopes of hydrogen undergo phase transitions to orientationally ordered structures in which the molecules are aligned parallel to specific crystalline axes. The experimental evidence for these structures includes observation of anomalies in the specific heat curves [1] [2] [3] [4] the appearance of Pake doublets in the NMR absorption spectra [5] [6] [7] [8] [9] [10] and thermodynamic measurements [11] [12] [13] . The transition temperatures Tc depend on the concentration of the J = 1 component (ortho-H2, para-D2) and for large concentrations (&#x3E; 60 %) the empirical results are given to a good approximation by the linear relations, where X is the fractional concentration of the J = 1 species.
The studies carried out at elevated temperatures (T &#x3E; 0.45 K) as limited by refrigerating techniques showed no evidence of ordered structures for concentrations less than a so-called critical value (X H2 ~ 0.59, X,, -0.55) [11] . The slope ðTc(X)lðX increases rapidly as X Xc (as shown in figure 1) and the variation of the order parameter has led to the conjecture [14] that the behaviour near Xc was analogous to that observed for dilute antiferromagnets. The critical percolation concentrations [15] are however much smaller (by almost a factor of 3) than the Xc observed for the hydrogen alloys. (the open circles are taken from ref. [12] and the solid circles from ref. [17] ) and (b) solid deuterium for which the open triangles are taken from reference [13] .
Subsequent studies of the order parameter at very low temperatures and at reduced ortho-concentrations [16] [17] [18] have now demonstrated that ordered phases can exist for X Xc if the cubic structure is maintained (e.g. by aging the specimens at low temperatures). The variation of Tc as a function of concentration is however, very different for X Xc, and for solid hydrogen [17] It is generally believed that the ordering in solid hydrogen is determined largely by the quadrupolar interaction between the J = 1 molecular species [19] and that the configuration with the lowest free energy is given by the space group Pa3 ; a f.c.c. lattice with four distinct simple cubic sublattices such that in each sublattice the equilibrium direction of the molecules is aligned along a three-fold axis, the body diagonal of the f.c.c. lattice. (These become the quantisation axes for the sublattices.) The electric field at a given molecular site due to the quadrupoles of its neighbours has axial symmetry thereby removing the degeneracy of the J = 1 state.
Neutron diffraction [20] and infra-red absorption studies [21] have verified this structure and although the solid crystallizes in the h.c.p. structure, the orientational transition is accompanied by a structural transition to the cubic phase on cooling, while on warming the thermodynamic studies of Meyer et al. [12, 13] reveal that orientational disordering precedes the structural transition (f.c.c.
--+ h.c.p.). Hysteresis effects observed on thermal cycling and related evidence [22] suggest that the structural transition may be Martensitic in character.
The theoretical treatments of the orientational ordering based on molecular field models [23, 24] [25] .
First order approximations such as the BethePeierl's approximation [26] [26] . In this method one considers a cluster of molecules consisting of a central molecular site together with its nearest neighbours as one element with the rest of the structure providing a background field which is then determined self-consistently.
In contrast to the molecular field approach one finds that there is no first order transition [30] and only a rapid variation of the order parameter for
The absence of a first order transition is believed to result from the neglect of correlation effects and it has , been shown by a cluster variational method [31] Kirkwood [27] for the study of co-operative ordering in solid binary solutions. This has been applied to Heisenberg's model of ferromagnetism [34, 35] and with a certain degree of success in the theory of nuclear antiferromagnetism [36] . The These different terms are illustrated by the four particle, the three particle and the two particle diagrams shown in figures 2a, 2b and 2c respectively. The anisotropic terms (m, n, m', n' not all zero) contribute only for the two particle terms and will be considered separately. The evaluation of the isotropic terms proceeds as follows. FIG. 2. -Diagrammatic representation of (a) the four particle terms, (b) the three particle terms, and (c) the two particle terms, that occur in the evaluation of the second order semi-invariant. a) Four Summary of the traces occurring in the evaluation of the contribution of the four particle terms (Fig. 2a) to the second order semi-invariant. The numbers (I), ® , 3 and @ refer to the four different sublattices of the Pa3 structure.
The anisotropic terms resulting from the two particle diagrams (Fig. 2c) At high temperatures the free energy has only one minimum which occurs for s = 0, corresponding to the disordered configuration. As the temperature is reduced two minima appear, one at s = 0 and another at s = s (for 0 &#x3E; s &#x3E; -2), and the equilibrium configuration is determined by the free energy minimum which has the lowest value. The critical temperature 7c is then identified as the temperature for which the free energies at the two minima have the same value. For T Tc, a(s = 0) &#x3E; a(s == 7); and the equilibrium configuration is given by s = s which corresponds to an orientationally ordered configuration.
There is therefore a discontinuity in the equilibrium value of the order parameter at T = Tc and the transition is first order. For X = 1.0, where TMF is the molecular field solution (see eq. (8)).
As the temperature is further reduced, s varies smoothly and for large ortho concentrations (X &#x3E; 0.6) approaches the limiting value s = -2 as T --+ 0. It can be noted that at very low temperatures a minimum does appear for s &#x3E; 0 (see Fig. 3 figure 5 , the low temperature limit of s for X = 0.6 is -1.5 rather than -2 as given by the low temperature NMR results [17] .
If [17, 18] . While clustering effects may be expected to be important at low concentrations it should be noted that the growth of clusters in solid hydrogen [43] is neutralised to a large extent by the rapid ortho-para conversion rate. 
